We study the ultraviolet property of the supersymmetric CP N −1 sigma model in three dimensions to next-to-leading order in the 1/N expansion. We calculate the β-function to this order and verify that it has no next-to-leading order corrections.
§1. Introduction
The supersymmetric CP N −1 sigma model in low dimensions has many interesting features. In two dimensions this model has a few physical properties shared with supersymmetric gauge theories in four dimensions. 1), 2) Namely, perturbatively it is asymptotically free and non-perturbatively it has instantons. Moreover, the one-loop exact β-function was found by instanton methods in supersymmetric Kähler sigma models which contain the supersymmetric CP N −1 model as a special case. 3) In three dimensions nonlinear sigma models are perturbatively non-renormalizable but are argued to be renormalizable in the 1/N expansion. 4), 5), 6) The renormalization of the N = 1 supersymmetric O(N) sigma model was worked out explicitly to next-to-leading order in 1/N. 7) Possible similarity between the supersymmetric CP N −1 sigma model in three dimensions and supersymmetric gauge theories in five dimensions is also an interesting problem.
The aim of this letter is to study the ultraviolet (UV) property of the N = 2 supersymmetric CP N −1 sigma model in three dimensions using the 1/N expansion. Nonlinear sigma models in three dimensions are haunted with a number of various power divergences in the cutoff Λ. We investigate how such UV divergences may conspire to cancel out in the model.
To this end we use cutoff regularization. In the N = 1 supersymmetric O(N) sigma model, the β-function was found to be zero in dimensional regularization. 7) We have confirmed that the fixed point of that model has next-to-leading order corrections in cutoff regularization.
A new method relying on the conformal symmetry has been used to study nonlinear sigma models beyond the leading order in 1/N. 8) This method has been argued to be valid for nonlinear sigma models in general spacetime dimension d < 4, and it has been used to compute critical exponents in bosonic and supersymmetric nonlinear sigma models in d = 3. 8) We calculate the β-function of the supersymmetric CP N −1 model in cutoff regularization.
We verify that the β-function has no next-to-leading order corrections. Our results are compared with the privious results.
Model in Three Dimensions
We begin by recapitulating the N = 2 supersymmetric CP N −1 sigma model in three dimensions. We use the N = 1 complex scalar superfields Φ j = n j +θψ j + (1/2)θθF j , where j = 1, . . . , N. The action of the model is written in the supergauge-invariant form
with the constraintΦ j Φ j = N/2g. Here g is the coupling constant and ∇ α is the gauge 
where A µ is a U(1) gauge field and ω α is a Majorana spinor. We introduce a real scalar superfield Σ = σ +θξ + (1/2)θθα as the Lagrange multiplier. The action is then written as
In component fields the Euclidean action is given after eliminating F j by
where c = ξ+iω/2 is a complex fermion. This model is known to have N = 2 supersymmetry.
8), 9) §3. The Leading Order
The generating functional of the model in the Eclidean notation is
Performing the integrations over the fields ψ j ,ψ j , n j andn j we get
The effective action S ef f is given by
where
Performing the Legendre transformation and setting all fields to constants, we obtain the effective potential
The fields which are not in (7) have been set to zero.
The vacuum of the model is fixed by the stationary conditions
We look for the supersymmetric vacuum and have set α = 0. The UV divergences present in the integral in (9) can be dealt with by renormalization. Introducing a scale parameter µ and a renormalized coupling constant g R , the equation (9) becomes
where σ is positive. The renormalized and bare coupling constants are related by
where Λ is the momentum cutoff. In terms of the dimensionless coupling constant defined byg = g R µ, the β-function is
This result is the same as that of the bosonic CP N −1 model. 10) The equations (8) and (10) imply existence of two phases:
. The ultraviolet property of the model should be the same in two cases, so we consider the symmetric phase.
The model contains four kinds of auxiliary fields: two scalars α, σ, a U(1) vector A µ and a complex fermion c. They all start to propagate after taking quantum effects of n j and ψ j loops. Considering the fact that σ acquires a non-zero vacuum expectation value m, we perform the shift
The fields α and σ mix as they propagate. It is convenient to diagonalize their propagators by rewriting α as
The effective propagators of α, σ, A µ and c can be obtained from the effective action (6) after redefining the fields σ and α as (13) and (14). They are given by
We have used the Landau gauge in deriving D A µν (p). We note that the mixing terms between A µ and α, σ vanish in the effective action (6) and such mixing terms arise in the two-dimesional model.
2)
We have a few comments on the effective propagators. 
§4. Next-to-leading Order Corrections
Performing the shift (13) in the action (3), we obtain the Lagrangian
The fields, mass and coupling constant appearing in (16) are renormalized quantities. The transformation (14) has been performed in renormalized quantities. L CT consists of the counterterms which are designed to eliminate all UV divergences due to loop effects. L CT is given explicitly by
We define the renormalization constants of the fields, mass and coupling constant by
5 where the suffix 0 denotes the bare quantity. g 0 and g correspond to g and g R in 3. Renormalizability of the model will be assured by showing non-appearance in L CT of the terms which are not contained in the bare Lagrangian. In addition, C i in (17) are related to the Z-factors introduced in (18). We are now studying this problem in detail. Before completing this analysis, we calculate Z g by using the relations
C i and the Z-factors are expanded in 1/N as
At leading order the Z-factors are Z
which is derived from (11) and (10) in the symmetric phase (v = 0, σ = m). Now we consider the next-to-leading order. We have calculated the next-to-leading order corrections to the self-energies of n j and ψ j and those to the three-point vertex functions αn j n j and σψ j ψ j . The loop graphs contributing to the self-energy of n j contain UV power divergences. These divergences cancel out in the sum of all graphs. The same result holds for the other vertex functions. The remaining logarithmic divergences are removed by renormalization. The Z-factors are
Component fields of a single superfield should be dealt with by a single renormalization constant in a manifestly supersymmetric scheme. In our computation Z n and Z ψ have turned out not to be equal, even though n j and ψ j are in the same superfield. This is probably because Z n and Z ψ are gauge dependent and we use the Wess-Zumino gauge. 8) The result that the auxiliary field α is renormalized is different from the case of the supersymmetric O(N) sigma model.
7)
The β-function in next-to-leading order can be obtained by computing the graphs of the α-tadpole shown in Fig. 1 . Remarkably, we have found that the sum of the graphs (a) to (e) of Fig. 1 is zero. The sum of the graphs (f) and (g) is
where we have used (19). From (19) and (20) the counterterm (h) is given by Fig. 1 . Next-to-leading order corrections to the α-tadpole. The dashed, solid, doted, dash-doted, wavy and thick lines denote the propagators of n j , ψ j , α, σ, A µ and c respectively. The boxs denote the counterterms.
Adding (23) and (24) the divergences cancel, so we do not need (Z −1 g ) (1) and obtain
It means that the β-function (12) receive no corrections at next-to-leading order. We have checked that the same result is derived by calculating corrections to the σ-tadpole. The present result is consistent with the result that the slope β ′ (g c ) has no next-to-leading order corrections. . This is different from the result Z g = 1 obtained in dimensional regularization.
In this letter we have derived the next-to-leading order corrections to the β-function, and we have not completed the calculation of all divergent graphs at this order. In the supersymmetric O(N) sigma model, all divergent graphs were calculated to next-to-leading order and renormalizability was proved. 7) It is important to show renormalizability of the supersymmetric CP N −1 model in the same manner. We have verified that the four-point vertex function (n j n j ) 2 is finite at next-to-leading order, which is in accord with renormalizability of the model. The results of this analysis will be presented in future. §5. Discussion
It is an important question whether the absence of non-leading corrections to the β-function persists to all orders in 1/N, namely whether the β-function of the model is leading order exact. However, it is difficult to go beyond the next-to-leading order in the present approach, and we need some new means to handle the problem, e.g. algebraically.
Comparing the present result with those in the bosonic CP N −1 10) and N = 1 supersymmetric O(N) sigma model, one may speculate that N = 2 supersymmetry is responsible for vanishing next-to-leading corrections to the β-function of the model. It is interesting in this connection to investigate other kinds of N = 2 supersymmetric models in three dimensions.
